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ABSTRACT 

Systems  of  partial  differential  equations  governing  the 
motion  of  one-dimensional  bodies  subject  to  internal  friction 
are  treated.  The  implicit  function  theorem  is  used  to 
linearize  the  equations  about  an  equilibrium  solution,  and 
criteria  are  developed  for  the  stability  of  the  equilibrium 
solution . 
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EXPLANATION 

This  paper  treats  the  general  equations  of  rod  theory;  it  does  not 
deal  with  any  specific  application.  The  assumption  of  internal  friction 
is  introduced  both  as  a better  approximation  to  reality  and  to  obtain 
tractable  (parabolic  rather  than  hyperbolic)  differential  equations. 
Under  this  assumption,  we  show  that  the  desirable  theorems  for  the  non- 
linear equations:  existence,  uniqueness,  and  stability,  follow  from  the 
analogous  theorems  for  the  linearized  equations. 
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DYNAMIC  STABILITY  OF  ONE-DIMENSIONAL  NONLI NEARLY  VISCOELASTIC  BODIES 


Russell  C.  Browne 


1.0.  Introduction. 

In  this  paper  we  consider  the  problems  of  existence,  uniqueness,  and 
stability  for  the  quasi  linear  partial  differential  equations  governing 
the  motion  of  nonlinearly  viscoelastic  one  dimensional  bodies.  These 
equations  have  the  form 

£ 

(1.1)  A(u,s)»utt+  a(u,ut,s)  - m(us,u,ust,ut,s) 

+ ^'Js'^'^st' ~t's)  = f (us,u,ut,s,t) 
for  s^  < s < and  t > 0 . 

In  equation  (1.1),  u is  a function  of  s and  t with  values  in  1RN , 

a,  m,  n,  and  f are  functions  of  the  indicated  arguments  with  values  in 
I!N , and  A is  a function  with  values  in  i,  (P.N;  ]RN)  , the  space  of 
lineal  trails  format  ions  on  IR^1  . 

Boundary  conditions  for  equation  (1.1)  may  be  stated  parametrically  as 

(1.2)  u(su,t)  = 5a  ^ ' a = 1,2 

3q  3q 

(1.3)  m<us.u.:..t»ufs  )-3~(V  ,t)  = pft  (us  , u , ut , t ) •■gLi1  (v  , t)  , a =1,2  . 

-a  - a 

In  cqujtion  U.2),  v “ v v?  is  an  unknown  function  of  t with  values 
Ni  N?  " 

in  1R  ® IK  , where  0 < N^,  < N.  In  equation  (1.3)  , p = p^  *■  pj 

is  a given  function  of  the  indicated  arguments  with  values  in  ]RN  ® IRN . 

Frequently,  N{(  = 0 (a  = 1,2),  so  that  equation  (1.2)  specifies  u(s(  ,t) 
completely  while  equation  (1.3)  is  vacuous,  or  N = N so  that  equation 

(1.3)  specifics  the  value  on  m at  (s^,t)  completely  while  equation  (1.2)- 
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m I 


□ O 


is  vacuous. 


Equations  (3.1)  to  (1.4)  are  derived  in  BROWNE  (1976);  the  correspond- 
ing stationary  equations,  (1.10)  to  (1.12),  below,  are  derived  in  ANTMAN 
(1972,  1976a).  The  existence  and  regularity  of  solutions  to  the  stationary 
equations  is  treated  in  ANTMAN  (1976b) . A special  case  of  the  problem 
considered  here  is  treated  in  BROWNE  (1977) . 

We  assume  the  following  conditions  on  the  given  functions: 

(1.5)  The  functions  A,  a,  m,  n,  f,  and  p are  defined  for 

(us,u,ust,ut,s,t)  in  an  open  subset  of  [1RN]4  * [s^.Sg]  x 1R+ , 

and  for  each  value  of  these  arguments; 

9m  N N 

(1.6)  2^-  (us,u,u  t,ut,s)  e L(1R  ; 1RW)  is  a positive  definite 

-s''' 

and  symmetric  transformation  on  ]RN , 

3-  N N 

(1-7)  -5— — (u  ,u,u  ,u.,s)  e L(1R  ; ]R  ) is  a positive  definite  (but 

-st  ~ 'st 

N 

not  necessarily  symmetric)  transformation  on  3R  , 

(1.8)  A(ut,s)  f L (1RN;  1RN)  is  a positive  definite  symmetric 

N 

transformation  on  ]R  , 

(1.9)  the  functions  A and  a are  related  by 

£ 

a(u,w,s)  = wA(u,s)-w 

In  this  paper  we  construct  solutions  to  equations  (1.1)  to  (1.4)  in 
the  neighborhood  of  a solution  u*,v*  of  the  stationary  problem 
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(1 . 10) 


yg  n (u* , u* , 0 , 0 , s)  + m (u* , u* , 0 , 0 , s)  = f*(u*,u*,s) 


(1.11) 

(1.12) 


u*  (sQ)  = (v*) 


3q*  3q* 

m(u*  rU.O.O.S^)  •— 1 — (v^)  - p* (u* ,u* ) (v  ) . 

3v*  ' 


a . * ~a 
3v 
-a 


-a  ~s 


Our  main  tool  is  the  implicit  function  theorem.  In  this  section  we  give  an 
explanation  of  our  notation  and  the  definitions  of  the  Banach  spaces 
employed.  In  Section  2 we  give  criteria  for  the  continuity  and  Frechet 
differentiability  of  functions  on  these  Banach  spaces.  In  Section  3 we 
study  the  linearized  version  of  equations  (1.1)  to  (1.4),  obtaining  an 
estimate  on  the  decay  of  sol ut ions  as  t *■  00  . In  Section  4 we  combine 
the  results  of  Sections  2 and  1 to  obtain  solutions  to  the  full  nonlinear 
problem.  When  there  result-,  a,;  ly  we  obtain  existence  and  stability  in 
a single  step  and  obt  nn  t h s.ut-  decay  estimate  as  t ► °°  as  obtained 
for  the  linear  equation.  We  obtain  uniqueness  from  a similar  argument. 

Wc  call  the  stat  i.-naiy  pi  blent  consol  vat  i ve  if  there  exist  real  valued 


f unctions 


(1.13) 


’ 0 ' * 1 


2a 


such  that 


m(u  ,u,0,0,s)  = -5—-  i|>  (uc,u,s)  , 

- ~ - c»U  U -S  - 

~s 


n ( us  , u , ° , 0 , s ) = i^0(us,u,s)  , 


(1.14) 


~ 5 ’•'i  “ 9 ' 


f*(Us,U,s)  - ^ «rS)  + 


K.l(us,u,s)-us  + V^.u.s) 

- -s  -s 


(l*15)  P(,Js'lJ,-av"  (Ya>  * " iJ-  *2  (Ya}  - (-])tt  3U"  <’l(‘?s'“'so)  ‘3^  (V 

~n  a a ~s  ~a 

whenever  (1.11)  holds.  If  hypothesis  (1.13)  holds  the  material  may  be 


called  hyperelastic. 
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Hypotheses  (1.14)  and  (1.15)  are  adopted  to  make  equation  (5.1), 

below,  hold.  To  illustrate  that  such  reliitions  arise  in  practice,  we 

consider  a rod  with  ends  fixed  and  subject  to  a unit  (force  per  deformed 

2 

length)  pressure  from  above.  If  we  take  u = (x,y)  t ]R  and  locate  the 
center  of  the  cross  section  at  s at  x(s)i  + y(s)j,  we  may  take 
f(ug,u,s)  = ygi  - xgj.  The  loading  is  conservative,  the  potential  energy 
of  a deformed  configuration  being  given  by  the  signed  area  between  that 
configuration  and  the  reference  (straight)  configuration.  Thus  we  take 
*l(us,u.s)  = ^-(xgy  - xyg) . Then  hypothesis  (1.14)  is  valid  while  with  our 
boundary  conditions  hypothesis  (1.15)  reduces  to  the  identity  0=0. 

In  Section  5 we  consider  conservative  problems.  We  show  that  the 
eigenfunction  cx'iterion  developed  in  the  previous  sections  may  be  replaced 
by  the  second  variation  test  for  stability.  If  the  second  variation  of 
the  energy 

S2  2 
(1.16)  E(u,v)  = / [ u ] + fluids  + 2 ^ [ v ] 

s^  ~ ~ ~a=l 

at  u = u*  is  positive  definite  then  u*  is  stable  in  the  topology  of 
C^+a.  Although  the  second  variation  test  has  been  widely  used  for  over 
a hundred  years,  its  mathematical  validity  is  often  ouestionable , even 
in  one  dimensional  problems  (KNOPS  & WILKES,  1973;  KNOPS,  1977).  If  u - u* 
is  small  in  the  topology  then  tne  second  variation  estimates 

E(u,v)  - E(u*,v*)  in  terms  of  the  norm  of  u - u*  in  the  topology. 

A straight  forward  stabi)ity  argument  is  thwarted  by  these  distinct 
topologies.  But  we  shall  show  that  if  the  second  variation  is  positive 
definite  then  all  derivatives  of  u occurring  in  the  equation  remain  close 
to  those  of  u*. 

1.17.  Notation. 

N 

We  represent  elements  a,  b,  of  E by  lower  case,  bold  face  sans- 
serif  Latin  letters.  We  denote  the  usual  inner  product  of  a and  b on 


4- 


w 


by  a-b  and  we  set 


a = /a-a.  I f 


is  a linear  transformation 


N N N 

of  IR  , i.e.  A f L[1 R ; It  ),  then  its  value  at  a is  denoted  A*a 


and  the  value  of  the  quadratic  form  on  A at 


by  a • A • a . 


If 


a differentiable  function  on  a domain  in  IRn  then  its  derivative  at  a, 

n N S? 

which  is  an  element  of  £(IR  ; JR  ) , is  denoted  by  -r—  (a)  . Thus  x—  (a)  -b 

dU  - oU  *• 

denotes  the  differential  of  g at  a in  the  direction  of  b.  On  the 
3g 

other  hand,  c--g^(a)  denotes  the  element  of  L ( 3Rn ; IR)  whose  value  at 


is 


3g 

Tr-“(a)*bl.  We  use  a similar  notation  for  derivatives  of  other 
3u  - 1 


kinds  of  functions.  We  use  the  same  notation  for  elements  of  I 


N 


If  (s,t)  -►  u(s,t)  is  a function  defined  on  [s.  ,s  ] * IR  we  denote 
9u  3u  12 


by  u and  we  denote 

d S — S 


by  ufc.  We  denote  the  function  s -»  u(s,t) 

by  u(-,t).  If  (u,v,w,s,t)  -*•  g(u,v,w,s,t)  is  a function  defined  on 
N 3 4* 

[3R  ] x [s^.s^l  x IR  and  the  composition  g (u, ug , ut , s , t)  is  of  interest, 
we  denote  this  function  by  (s,t)  -*■  g[u]  (s,t).  We  use  the  same  notation 
for  other  types  of  compositions. 

1.18.  Abstract  Spaces. 


Let  I c E,  o < T < 00  and  Q 


I x [ 0 , T]  , or  I * ]R  if  t = a>. 


and  let  0 < a < 1.  Then  ca(I;IRn)  is  the  Banach  space  of  IRn  valued 
functions  on  I . with  finite  norm 


(1.19) 


I u | = sup  I U (s)  I + sup 

11  Sfl  ' S.,t.cl 

1 1 


|u (s.)  - u ( s 2 ) 


Is!  " V 


“'2°  n n 

and  C ' (Q_;IR  ) is  the  Banach  space  of  IR  valued  functions  on  Q„ 


with  finite  norm 

(1.20)  | u | „ = 


sup 

(S,t)f Q„ 


I u ( s , t ) | + 


sup 


|u(si,ti)  - u(s2,t2) 


(S.  ,t.  )cQ 

11  i I | CX  | 

I sl  “ s2 I + I 
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We  define  C^+a(I;IRn)  to  be  the  Banach  space  of  all  ]Rn  valued  func- 
tions on  I,  twice  differentiable  in  s,  with  finite  norm 


(1.21) 


u0j_  = u + u + u 
1 ~ ' 2+u  1 Ja  1 ~s  1 vss 1 

u a 


and  we  define  C 


2+a , 1+— a 


(QT;IRn)  to  be  the  Banach  space  of  IRn  valued 


functions  on  QT  with  finite  norm 


(1.22) 


! = M ! + l«s!  i + Iussl  ! + Iutl  x 

2+o,  1+j  a a’2a  «,  j a °tija  a,ja 


a r 201  2+a,l  + 2« 

For  any  real  a we  define  C and  C to  be  the  spaces 

oo 

of  functions  on  QT  with  finite  norm 


(1.23)  |u|  1 = I v | x , | u | j = | v | 1 

a.jO/O  ~ a, ' 2 + o,l  + ja,o  ' 2+a,l  + ^o. 

o t ct  ^ # 2° 

where  v = e u.  Wc  define  the  spaces  X , X , etc.  to  be  the  closure 


of  the  C functions  in  the  respective  spaces  C , C , etc. 

Let  D denote  an  open  set  in  either  IR™  x I or  3Rra  * QT  according 
to  the  context.  We  define  AW(0;]Rn)  to  be  the  space  of  lRn  valued 
functions  g on  D such  that  there  exists  a constant  K and  function 
w : 1R+ -►  1R+  such  that  for  all  (u^,s^)  e V 


(1.24) 


IgfUj.Sj.)  | < K 


(1.25) 


|g(u1,s1)  - g(u2,s2)|  < Klu.^  - u2 1 + w(|s1  - s2l  ) , 


(1.26) 


lim  = 0 

h->0+  h 


We  define  A ( D,  ]R  ) to  be  the  space  of  lRn  valued  functions  g on  P 

such  that  there  exists  a constant  K and  function  u>  : ]R+  -*  1R+  such 


that  for  all  (u.,s.,t.)  e D 

~i  l l 


(1.27) 


|g(u1,s1,t1) | < K 


(1.28)  |g(u1,s1,t1)  - g(u2,s2,t2)  | < K|u1  - u2  | + - s2|a  + |t1  - t2  | ; 


a i 2 ol 


and  equation  (1.26)  holds.  We  topologize  A and  A with  the  norms 

I ? ' S1 ) " ?(^2'S2)  I 


(1.29)  I g I a = sup | g (u, s) | + sup 


D luj.  - u2|  + Isj  - s2| 


(1.30)  | g | = sup|g (u,s,t) | + sup 

~ n ***  *"  _ 


g(u1,s1,t1)  - g(u2,s2,t2) 


E 


ct  , ct  D is  — 

A l«i  " ~2 1 + IS1  “ s2^  + lfcl  ~ 

We  define  Ai,Ct  to  be  the  subset  of  Aa  such  that  e Aft,  with  the 

. 1 

2+ct  1 ' a ' 2a 

obvious  norm.  We  define  the  spaces  A , A , etc.  analogously. 

oi  f 2^*  l/^i  ya 

Finally  we  define  Aq  , AQ  , etc.  to  be  the  subsets  of  the  respec- 

a,ia  l,a,ia 

tive  spaces  A , A , etc.  such  that  the  map  (s,t)  h-  g(0,s,t) 


a,ja  2+a,l+ja 

is  in  the  space  C or  C 
a a 

norm. 


as  appropriate,  with  the  obvious 
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OICN 


a.ia 

2.0.  Calculus  in  X 

In  this  section  we  give  criteria  for  the  continuity  and  Frechet 

1 


a ' 2a 


a'2a 

dif f ferentiability  of  functions  defined  on  X and  X . Analogous 

results  hold  for  the  other  X-spaces. 


a’2a 

2.1.  Proposition.  Let  u e C (Qt;1k  ).  Then  a necessary  and  sufficient 

a , ja 

condition  that  u e X (0T ; IRn ) is  that  there  exist  a function  ui  : -*  IK+ 

such  that  for  (s.,t.)  e Q„ 

i x T 


(2.2) 

(2.3) 


l~*Sl'tl)  ~ “(s2't2)  I < " s2|a  + lti  “ t2  I > ' 


lim  ^ = 0 
h*0+  h 


Proof.  First  suppose  that  u is  given  and  that  a function  uj  satisfy- 

• . . ? 

ing  conditions  (2.2)  and  (2.3)  exists.  Extend  u to  all  of  ]R  ‘ with 

the  same  modulus  of  continuity.  Let  : IR2  IR+  by  a 0°°  function 

a 

2 2 

with  support  in  {(s,t)  c IR  ; js)  + Jtj  < 1},  and  such  that 


/ / <P  (s , t)  dsdt  = 1 . 
TR2 


For  c > 0,  1<4^ 


Ue  (s , t) 


-3,  ,s  - X t - t 


= II 


) u ( X , t ) dXdT 


]R 


II 

IR2 


e (p-.-^)u  (s  - X,t  - T)dXdi 


Then  uE  e C and 


|u  - u | = sup|u(s,t)  - u ( s / t ) j 

r\  ***  “ 


2 ° ®T 


+ sup 
Qrr 


|u(s1>ti)  - u£(s1,t1)  - u(s2,t2)  + u( (s2,t2) 


I S1  " S2I“  + \tl  ~ fc2l 


< co(c)  4 2 sup  — 
h<c 


w ( h ) 


L 
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Thus 


a.i  a 
u e X . 

a'Ia  n 

To  prove  the  converse,  suppose  that  u £ C (Q-,;®  )»  let 


(2.4)  w(h)  = sup  | 


|u(s1,t1)  - u(s2,t2)  | 

a 

lsi  - s2 |“  + |t1  - t2 |? 


Is!  ' S2I 


a 

+ |tx  - t2i2  < h 


and  suppose  that 

lim  sup  - = K > 0 . 

+ " 

h->0 

Let  v e C (QT;IRn)  and  suppose  that  v has  Lipschitz  constant  L.  Then 


|u-v|  ^ ^ lim  sup  sup. 


a ' 2 ° h>0+ 


| (u-v) (Sj ,t  ) - (u-v)  ( s 2 , 1 2 ) 

a 

|Si-s2l“  + lt1"t2|2 


isrs2r  + itrt2 


< h) 


(—  -1) 

lim  sup  - Lh  a = K > 0 

+ " 

h-0 


Thus  u f"  X 


a,  2 a 


a ijd 


2.5.  Proposition.  Let  K be  a closed  bounded  subset  of  X (QT;1R) 

Then  a necessary  condition  that  K be  compact  is  that  there  exist  a 
function  u>  : IR+  -»  IR+  such  that  for  all  u e K and  (s^,t^)  c 0T 


(2.5) 

(2.6) 


I VI  ( Sj  , 1 1 ) - u(s2,t2)j  < U)(|s1  - s2|a  + 1 11  - t2|  ) 


lim  HM.  = 0 

i+  h 


h-0 

If  T < «o  then  the  condition  is  also  sufficient. 


Proof.  To  prove  that  the  condition  is  necessary,  let 


w(h)  = sup  w (h) 
ut  K - 


where  is  the  function  w defined  by  equation  (2.4),  and  suppose  that 
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K > 0 . 


. . w(h) 

lim  sup  — j- — = 

h->0+ 

1 K 

Choose  a sequence  u e K such  that  w (— ) > tt.  Now  for  each  (s.  ,t.)  £ Q 
~n  un  n 2 l l T 


(2.7)  I u — u | > Q (s  . , t . ) = 
~n  _m  nm  i i 


lVVtl)“VSl'tl)‘“n(82't2)+VS2't2) 


a 

I si“s2 I n + I i_t2  * 2 


By  Proposition  2.1,  for  fixed  m there  exists  a 6 > 0 such  that 

sup  r-  w (h)  < V • 
v,  .x  h u 4 

h<6  ~m 


Then  for  — < 6,  |u  - u 

n 1 ~n  ~m  1 


. > v.  Thus  the  sequence  u has  no  Cauchy 

1 4 _n 


«/  2 a 

subsequence,  so  K is  not  compact. 

Now  suppose  T < “ and  that  a function  u>  satisfying  conditions  (2.5) 


and  (2.6)  exists.  Let  u^  be  a sequence  in  K.  Then  by  the  Ascoli 
theorem  there  exists  a uniformly  Cauchy  subsequence,  also  denoted  by  u . 


1 


_n 


We  will  show  that  u^  is  Cauchy  in  X 


, thereby  showing  that  x is 
compact.  Let  e > 0 and  choose  6,  0 < 6 < 2,  so  that 


w (h)  , t 

SUP  h < 4 ' 
h<6  n 


and  choose  n and  m so  large  that 
(2.9) 


sup 

Qn. 


u ( s , t ) - u ( s , t ) 
~n  ~m 


e 

< 4 • 


Then  for  (s^t^  £ QT,  if 


Q 

|s^  - s2|a  + | tj  - t2|?  < 6 we  have 


u (Swt.J-U  (s_,t-)  u (s  ,t  )-u  <s,,t-) 

q (s  . , t . ) * ----  - ± tD 2 2 — + ^-m 1 1 -_m 2 2'  c 

nm  x'  i a a 2 


isi-s2r  + it1~t2iI 


;rs2ia  4 itrt: 


If  I sl”S2 I a + ^ we  ^ave 
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run  i i 


I WV'VVV1  A l“n(s2't2>-“n(s2't2) 


c 2 . 


Thus  in  either  case,  Q (s.,t.)  < Then  it  follows  from  (2.8)  and  the 

nm  ii  c 

choice  of  6 that  |u  - u I , < ?.  Thus  the  sequence  u^  is  Cauchy.  □ 

~n  1 „ ~n 

a, j a 

a,5 a m 

Let  D be  an  open  set  in  * Q_,  and  let  E (D;l R ) be  the  set 

1 1 
a>Ja  m 

of  all  u f X (0T;B  ) such  that  for  all  (s,t)  e QT (u (s , t) , s , t ) e D. 

a'\a  a,7 a m 

Clearly  E (P;]Rm)  is  open  in  X (Q^IR  )• 

a,ia  aJa 

2.9.  Proposition.  Let  g « A (D;3R  )•  Then  for  u e E (D;TR  ), 

a 

g[u]  f X (Qm;3R  ).  The  map  (g,u)  g[u]  is  continuous  on 

~ "1  1 1 ~ ~ 
a, -a  a,^a 

A ID;  IK  ) *E  (D ;H  ) . 

Proof.  Let  K and  oj  be  the  Lipschitz  constant  and  modulus  of 

? 1 

a,  2 a 

continuity  for  g in  equation  (1.28).  Let  u e E ( D;TR  ) and  let 

be  the  modulus  of  continuity  for  u given  by  Proposition  2.1.  Clearly, 
g[u)  is  continuous.  For  (s^,^)  « QT  we  have 

lg(u]  (s^.tjj-gfu)  (s2,t2)  I < K | u (s^  , t^)  -u  (s2,  t2>  I + o)g(|s1-s2|a  + | x ~ 2 I ’ 


“g[u)(h) 


< (K“>u+a^)  ( I Sj^-52  I a + lt1"t2l2) 

a 

H “g(u)(|srs2|a  + ltrt2,2)  • 


a,  j a 

Clearly,  lim  = 0,  so  g[u]  e X by  Proposition  2.1. 

h-0  ■ , " " 

a,ia 

Now  let  u -*■  u.  in  E (D;1R  );  we  shall  show  that  g[u  1 -*•  g[un] 
^ -n  - u - ~ n - - u 

a,  ja 

in  X . Since  the  range  of  a convergent  sequence  is  precompact,  by 
Proposition  2.5  there  exists  a function  u satisfying  conditions  (2.5) 
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a Icm 


and  (2.6)  for  all  u . Then 
-n 

(2.10)  lim  sup|(g[u  ) - g[u  ))(s,t)|  < lim  sup  K|(u.  - u )(s,t)|  = 0 . 
n-»  QT  ' ' ' n-»  Qt  ~n 

Given  e > 0 choose  6 > 0 so  that 

u>(h)  € 

h?S  — < ' 

and  choose  n so  large  that  (2.8)  holds  with  m = 0.  Then,  repeating  the 
estimate  on  Q^ts^jt^)  in  the  proof  of  Proposition  2.5,  for  large  n 


we  have 


i<g!u0>  - g lunl ) (si ,tx)  - (g(u0l  - glun) ) (s2,t2)  | e 

- < - 

|si  • s2|a  + Ih  “ ^l2 


a'2a 

By  (2.10)  and  (2.11),  g [ v>n  I -*■  gfUgJ  in  X . Thus  the  map  u -*•  g[u)  is 


continuous  on  E 


a,  j a 


a,ja 

Now  let  f f A (C;]Rn).  We  have 


|f[u)  - g[u)|  j < sup | (f-g) [u] (s, t) 


a,  j a Qt 


+ sup 


| (f-g)  [u) (s1,t1)  - (f-g)  [u]  (s2 ,t2)  | 

a 

|u(si,ti)  -u(s2,t2)|  + |Sl-s2|a  + | t1-t2 1 2 

a 

| u (sl , fcl ) -u(s2,t2)|  + |s1-s2|a  + 1 t1-t2  I 2 


isrs2i  + itrt2| 


< | f-g  2 < | u | 2+1) 

a,  2 a ~ a,  2 a 


a,  2 a 


Thus  the  maps  g -*■  g(u]  are  equicontinuous  on  A for  u in  bounded 

~ 2 

", 2 a 

subsets  of  E . Combining  our  results  we  have  the  required  continuity 
of  the  map  (g,u)  ■*  g[u)  . D 
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2.21.  Proposition.  The  map  (g,u)  ■*  g[u]  is  continuously  Frechet 

1,a,la  n a»|“ 

differentiable  in  u on  A {D;TR  )xE  ID;]R  ) . The  Frechet 

derivative  is  given  by 


(2.13) 


3 dg  a *-5- a 

(glu))w  = (u)).w  for  w e X <Qt;3R  > . 


,1  1 1 

l,a,^a  a,^a  a,-,  a 

Proof.  Let  g e A and  u e E . Since  E 


is  open. 


there  exists  c > 0 such  that  if  |w|  ^ < e then  u + w e E.  For  such 

a,  2 n 

w we  have 

3g  1 3g  3g 

gju  + w]-gfuj-  f u ] w = / ^[u+Xw)-~fu])wdX=o(w) 


and  Proposition  2.9  applied  to 


shows  that  lim  -> — 1-= =0.  Thus 

|v|  -*0  I”'  1 

' ~ 1 1 a,v  a 

a , j a '2 


equation  (2.13)  is  correct.  By  Proposition  2.9,  the  derivative  defined  by 
equation  (2.13)  is  continuous.  □ 

2.14.  Proposition.  Suppose  for  each  (s,t)  e (0,s,t)  e D,  and  the 

set  (u  t : (u,s,t)  e D ) is  starshaped  with  respect  to  u = 0.  Let 

„ 1 ~ ~ 1 ~ 
a m 

Ea  (P;H<  ) be  the  set  of  all  u e Xq  (Qt;  ]Rm)  such  that  (u  (s  , t ) , s , t)  e D 

for  all  (s,t)  c Qm . Then  for  all  a > 0 the  map  (q,u)  -*  q{u]  is 

1 " l v ■*  “ 1 *•  ‘ 


continuously  Frechet  differentiable  from  A 


. 1 '1' 

1,n'2a  n a'2a  m 
(P;IR  ) (D ; 3 R ) 


into  XQ  (0^;  TR  ) . The  Frechet  derivative  is  given  by  equation  (2.13). 

a,|a  a'l° 

Proof.  The  space  X is  isomorphic  to  X upon  multiplication 

ot  a‘\a 

by  e ; see  equation  (1.23).  Let  g c A and  let 

~ 1 0 

f(u,s,t)  = e g(e  u,s,t).  If  u t Ea  and  if  v(s,t)  = e°  u(s,t) 

then  we  have  f[v](s,t)  = e0tg [u]  (s,t) . Thus  we  apply  Proposition  2.12  of  f. 
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Since  D is  starshaped  with  respect  to  the  Q -axis  and  since  the 
1 „ T 
o t 2 a -f 

map  t -*•  e e X ( ]R  ; K)  , we  have 

1 9f  3f 

• ?(“2's2't2)>  = i ^ ‘Vil'W  ' Ju  (XU2's2't2)dX 


1 |3g 


Ot, 


- L si  (Xe  Vvh’ 


3g  -at  . 

^ (Xe  u2,s2,t2)  dX 


ot 


Ot. 


(2.15) 


+ | e 1g(0/s1,t1)  - e 2g(0,s2,t2)| 

a 

-Kl“l  “ i?2 1 + w(lsl  “ s2  I a + lfci  " t2!2) 

for  some  constant  K and  function  w satisfying  (1.26).  Thus  f e A 
Also 


a , 


9f 


9f 


(2.16) 


lu  (u1,s1,t1)  - gu  (u2,s2't2) 


3g  -0tx 


9g  -ot. 


Thus  f e A 
we  have 


l,a.  , ci 


3U  <e  -l'Sl'tl)  " 9u  ^2's2,t2) 


i Kl“l  “ ^ + “(lsi  “ S2 I a + lfci  " fc2|2)  • 


Repeating  the  final  calculation  in  (2.15)  and  (2.16), 


l!|  , 1 <KI?I 


l,a, 2 a 


1 ,a,2  “ 


so  the  map  g -*■  f is  continuous,  and  Proposition  2.12  applies.  □ 

2+a,l+i-a 

Let  E ( /X ; 1R  ),  E (D ; K ),  etc.,  be  the  respective  subsets  of 

a m 2+a,l+ja 

X (I;]R  ),  X (QT;  3Rm)  , etc.  such  that  (u(s),s)  e D for  all  s € I 

or  (u(s,t),s,t)  e D for  all  (s,t)  e Q T»  whichever  condition  being 
appropriate.  Propositions  2.9,  2.12,  and  2.14  extend  to  give 
2.17.  Proposition.  The  map  (g,u)  **■  gtu]  is  continuous  on 
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rvj|*- 


r 


o n a m 2 +01 , l+To  2+o,l+o 

A (D;  1R  ) X E (D ; TRm)  (or  A 2 (/>;  0Rn)  x £ 2 ( /? ; JR  ) , et£.  ) and  is 

continuously  Frechet  differentiable  on  A1 ' a (£>;  3Rn ) x £,a(p;lRm)  (or 
l,2+a,l+io 

A (D;K  ) x E 


2+0,1+20 

( D ; 1R  ) , etc  . ) . If  o > 0 and  if  the 


hypothesis  of  Proposition  2.14  are  valid  then  the  map  (g,u)  **■  g[u]  is^ 


„ 1 , 2+a , 1+y  a 

continuously  Frechet  differentiable  on  A i 

a 


2+a, 1+^a 

(£>;IR  ) x ( D ; Km ) . 


2^18.  Remark.  Natural  conditions  for  continuity  and  differentiability 
on  the  spaces  Ca  are  difficult  to  obtain,  as  the  following  example 
illustrates.  Let 

g (u, s)  = min{ | s | a,  | u | } . 

Then  the  map  u -»•  g[u]  takes  Ca(0,l;K)  into  itself,  but  is  discontinuous. 
In  fact  g [ 0 ] = 0 but,  for  every  constant  function  c * 0,  |g[E]|  > 1. 
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r 


3.0.  The  Linearized  Equation. 

In  this  section  we  consider  the  linear  initial-boundary  value  problem 
(3.1)  . Pwfct  - Rwfc  - Sw  = f , 


w - q e Range  H , 
u 


(3.3)  Bw  + Dw  = p , 

(3.4)  w ( • / 0)  = wQ,  wt(-,0)  = Wj  . 

In  equation  (3.1),  P e MX1  ( s^  , s 2 ; JR  )»  Xa  (s^  , S2  ; 1R  ))  i s given  by 


Pw  (s)  = PQ (s) -w(s)  , 


where  P0  e Xa(Sl ,s2;  MIR;  JRN))  and  P0(s)  is  positive  definite  and 

symme trie  for  each  s ; wh ile  R and  S e MX  a ^si ' s 2 ' ) » X ^ s ^ ' s2  ' )) 


are  given  by 
(3.6) 


Rw=Rri-w  +R-w  +R--W 

-0  -ss  -I  s ~2  ~ 


s”  = V"ss  + ?rws  + ?2-v? 


where  RR,Sk  c Xa(s  ,s2;M1RN;  ®N))  and  RQ(s)  and  SQ(s)  are  positive 

definite  for  each  s while  5q(s)  is  symmetric.  In  condition  (3.2)  , 

N •«  N ^ «i  N N • 

H = Hj  ‘ H2  e t(K  1 * K ; 1Rn  ® IR  ) . We  identify  IR  9‘  IR  with  the 

set  of  functions  {s^}  * IR^ , so  that  condition  (3.2)  is  a restriction 

on  the  boundary  values  of  w analogous  to  condition  (1.2).  Rank 

H = N . 

a a m m 

. , , 1+a,  N.  _ 1 2)  are  given  by 

In  equation  (3.3),  B,  D f MX  ^S1'S2;3R  ) «'  ® ® 

(3.8)  Bw(sq)  = B0(sa)-ws(sa)  4 B1(sa)-w(sa)  , 


(3.9)  Dw(sa)  = D0(sa) -ws(sa)  + D1(sa)-w(sa)  , 

N 

where  Bk(sa),  DR  (sa)  e L(1R  ; 3R  “ ) . Rank  nQ(sa)  = Nq. 

We  consider  f,  q,  p,  wq , and  w^  as  given  functions  with 
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(3.10) 


a 1 

a 

f f 

X 2 
0 

, 

2+l 

X £ 

a 

q ( 

({s  } x JR+; 

o 

a 

P e 

1 

2 a 
X 

. I 

( {s  } * K C 

a 

a 

?0' 

f 

X2  + a(s1,s2;(C1 

We  seek  w satisfying  equations  (3.1)  to  (3.4)  with 

(3.11)  w c Y °(Q  ) 

- 0 

a 2+a, 1+i a 

where  YQ  (QT)  is  the  space  of  functions  u e Xq  (Qt;CT  ) such 

2+a , 1+ j a 

that  ufc  e X (Qt;(E  ) with  norm 

M a = l“l  i + lutl  1 

Ya  2+a,l+2«,o  2+a,l+2-a,o 

In  addition,  we  seek  an  estimate  of  the  form 

(3.12)  |w|  Q < K ( | f | + |q|  + |p|,  + |w  | + |w  | ) . 

Ya  2+^-  u,  o ' , a ~ 2+a  2+a 

In  this  section  the  letter  K denotes  a generic  constant,  whose  value 
need  not  be  the  same  on  each  occurrence.  We  permit  K to  depend  on  a, 

°,  Isj  - s1 | , the  functions  B,  D,  P,  R,  and  S,  and,  when  we  specifically 
admit  the  possibility,  on  the  time  T.  In  this  section  all  Banach  spaces 
are  complex. 


3^13.  Compatibility  Conditions. 


In  order  that  w satisfying  conditions  (3.1)  to  (3.11)  exist, 

data  must  satisfy  the  following  compatibility  conditions: 

.w  |s  “ q (0)  r Range  H , 

1 a 

Wj I - qfc (0)  e Range  H , 


(3.14) 


■ a 

?01,(R-1  + Sv?0  + ?)(sa'0)  1 Rai19e  Ra' 


the 


BWj  + Dwq  = p (0 ) , 


We  denote  by  Fq  the  set  of  all  (f,  g,  p,  wQ,  ) satisfying  condi- 
tions (3.10)  and  (3.14).  Then  Fq  is  a Banach  space  with  norm  indicated 
by  the  right  hand  side  of  inequality  (3.12). 

3.15.  Lemma.  Let  (f,  q,  p,  wQ , w^)  e FQ  be  given.  Then  there  exists 
w t y"  satisfying  conditions  (3.2)  and  (3.4),  and  there  exists  a constant 
K such  that  estimate  (3.12)  is  val  id.  I f f‘  = f - Pw^  + Rw^  -t  sw  and 


p’  = 

p - Bw 

- Dw 

then 

(f \ o, 

g’ , 0,  0)  f 

Fo‘ 

Thus  we 

need 

only  consider 

data  of  the 

form  (f,  0, 

p,  9 ' 

0)  . 

Proof. 

Let 

Yi 

(s,  t) 

= l (s2 

- s) q (s 

, t)  + (s  - 

s1)q  ( s 2 , t ) )/ 

(s2  - s 

1*  ' 

-2 

(s , t) 

-o  t 

= e 

[wQ(s)  - 

v1(s,0)]  , 

(s,  t) 

, -o  • 
= te 

t[w1 (s) 

- vlt (s, o)  - 

v2t (s, 0)  ] 

where 

o’  > o 

Then 

w = V, 

+ 

+ V 

is  the 

desired  function.  It  is 

clear 

that  an 

3 

estimate  of  the  form  (3.12)  holds  and  that  f and  p‘  satisfy  (3.10). 

We  observe  that  since  f and  p satisfy  (3.14)  we  have  f' (sa,0)  = 0 
and  p'  (sa,0)  = 0,  so  that  (3.14)  is  satisfied  by  (f1,  0,  p* , 0,  0).  0 

3.16.  Construction  of  w. 

3.17.  Theorem.  Let  (f ,q,p,WQ ,w^)  c Fq  be  given.  Then  for  each  T < <» 
there  exists  a ' we  Y”(QT)  satisfying  equations  (3.1)  to  (3.4).  There 
exists  a constant  K,  depending  on  T,  such  that 

<3-18>  lwl  a < K| (f ,q,p,w  ,w  ) | - 

- y«(Qt)  0-1  Fo 

Proof.  The  spaces  Y® (QT)  are  clearly  equivalent  for  T < “,  thus 
we  consider  only  a = 0.  By  Lemma  3.15,  it  is  sufficient  to  consider  data 
of  the  form  (f,0,p,0,0).  Let  v = Wfc(f,p)  be  the  solution  of  the 
parabolic  system 


-18- 


(3.19) 


and  let 


Pvf  - Rv  = f , 

v|  t Range  H , 
a 

Bv  = p , 
v(s,0)  = 0 ; 


t 

(3.20)  W(f,p) (s,t)  = / W (f ,p)  (s, t) dr  . 

0 


Equation  (3.19)  is  parabolic  because  P^  and  Rq  are  positive  definite 
while  Pq  is  symmetric.  From  the  theory  of  parabolic  systems 
(LADY2ENSKAYA  & SOLONNIKOV,  1967),  equation  (3.19)  has  a unique  solution  in 
2+o,l+|o  N 

C (QT;(t  ) and  there  exists  a constant  K,  such  that 


(3.21)  | v | < K ( | f ] + | p | ) . 

2+a,l+2a  a,^a 


The  constant  K depends  on  a,  S2  - s^ , T,  H,  B,  the  Holder  norms  of  the 
functions  Pq  and  R^ , and  on  the  minimum  eigenvalues  of  P^  and  of 

CO 

the  symmetric  part  of  RQ . If  we  approximate  these  functions  by  C 

functions,  and  likewise  approximate  f and  p,  the  solution  to  equation 

m 2+a, 1+4  a 

(3.19)  is  C and,  by  (3.21),  approximates  v in  C . Thus  we 

2+a, 1+4  a 

see  that  v f X (QT ; <E  ) . From  (3.20)  and  (3.21),  we  have 


Iw. 


"11  1 
a'ja  N 7a  . N N 2+a,l+^a 

MX  2 (Q  ;<r  ) X X ( (s  ) X JR ; I 1 * a:  2)  ;X  2 (Q  ;<r  ) ) 


< K , 


(3.22) 


I|W  ||  , , < K 

a'oa  m 7a  , N N,  „ 

MX  (0T;C  ) XX  ({sQ}  X JR  ; (C  a®(E  ^);y“(qt)) 


We  observe  that  the  solution  of  equations  (3.1)  to  (3.4)  may  be 


characterized  as  a fixed  point  of  the  transformation  on  yq^T^: 
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(3.23) 


w -►  W(f  + Sw,p  - Dw)  = W (f  ,p)  + WJw  , 
where  for  w t Va (QT> 


a'2a  N 2°  ^ 

Jw  = (Sw,  -Dw)  c X (Q,„;<r  ) x X ( { s } * K ; I 1 “ t 
- i a 

To  construct  such  a fixed  point,  let  w^  e Y a ( ) and  define 

wn  = W(f,p)  + WJw11"1,  n = 1,2,...  . 

A simple  calculation  gives 


) . 


(3.24) 


n 


w 


l (WJ)kW(f,p)  + (WJ)nw°  . 
k=0 


Let  us  show  inductively  that 

(3.25)  H(WJ)n||  I ||Wt||n||  j||nTn/n!  , n = 0,1,2,...  , 

(3.26)  ||wtJ(WJ)n||  < ||Wt||n||  J||  nTn_1/  (n-1)  ! , n=l,2 

Inequality  (3.25)  is  true  when  n = 0.  Since  ||WtJ||  < ||Wt||||j||,  inequality 

(3.26)  for  n = k + 1 follows  from  inequality  (3.25)  for  n = k.  Integrat- 
ing inequality  (3.26)  for  n = k + 1 gives  inequality  (3.25)  for  n = k + 1. 
Thus  inequalities  (3.25)  and  (3.26)  are  proven. 

Then  we  may  pass  to  the  limit  in  equation  (3.24)  as  n -*  <»  to  show 
that  wn  converges  to 

oo 

(3.27)  w = l (WJ)kW(f,p)  . 

k=0  ~ ~ 

Inequality  (3.25)  shows  that  the  surn  converges  absolutely  in  Yn(QT)  and 
gives  the  estimate  (3.18).  Since  w is  the  limit  of  wn , and  since  the 
transformation  (3.23)  is  continuous  on  Ya (QT) , w is  a fixed  point  of 
the  transformation  (3.23).  Since  the  limit  is  independent  of-  the  choice 
of  w®,  the  solution  is  unique.  G 

From  the  proof  of  Theorem  3.17  we  have 
3.28.  Corollary.  Let  (f,0,p,0,0)  e Fq  be  given  and  let  W be  defined 
by  (3.19)  and  (3.20).  Then  the  solution  w of  equations  (3.1)  to  (3.4) 
is  given  by  equation  (3.27) . 
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3.29.  Asymptotic  Behavior  of  w. 

In  this  section  we  obtain  an  estimate  on  |w(-,t)|2+  as  t ■*  <»  . 

We  begin  by  examining  v 5 (WJ)nW(f,p).  Since  v is  the  solution  of  a 
linear  evolution  equation,  v can  grow  at  most  exponentially  in  t.  By 
(3.25),  v is  Holder  continuous.  Thus  we  may  construct  v by  Laplace 
transforms.  Doing  so,  we  obtain 

1 t a t i «o  i . i ^ 

(3.30)  v(-,t)  = 271  / / elt',HlW(;)J)nW(;)(f(',T),p|T))d;dt  , 

0 a-i « 

where  w = W(£) (f,p)  is  the  solution  of 

U2P  - cR)w  = f , 

(3.31)  w|s  e Range  H , 

~ ' a 

Bw  = p , 

2+ci  N 

and  we  now  view  J as  an  element  of  MX  (s.,s3;<E  ); 
a N N1  N2 

X (s-^Sjil  ) * C ® (E  ).  Then  W is  an  operator  valued  analytic  func- 

tion of  £. 

We  observe  that  W(^) ( f , 0 ) = P ( 6-T  - P *R)  where  the  inverse  is 

taken  among  the  functions  satisfying  homogeneous  boundary  data  in  equation 

(3.31) .  If  v is  the  solution  of  equation  (3.19)  with  homogeneous  f 

and  p but  with  v(s,0)  = Vq(s)  then  the  Schaudcr  estimates  for  parabolic 

systems  (LADY ZENSKAYA  & SOLONNIKOV,  1967)  give 

_1  . 

|v(-,t) |j+a  < K|vq|  t 2 ^ , j = 0,2  . 

J a 

ao  Ct 

These  inequalities  and  that  C is  dense  in  X are  known  to  imply 
(FRIEDMAN,  1969;  PAZY,  1974)  that  for  some  positive  constants,  a,  and  b 
and  for 


6 f J S (c  c <E  : Re(c)  > a - b|lm(c)|) 


izl 

(61  - P_1R) _1f | j+a  < K|c|  2 |f|a,  j = 0,2  . 
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Thus 


(3.32) 


|WU)  (f,0)  | < K|t| 


iz± 


C f J,  j = 0,2  . 


We  shall  obtain  slightly  weaker  estimates  for  non-zero  p. 


1 2 N N 

Choose  T e L«I  ®(E  ; (T  s'!)  such  that  Bq  • T = I,  which  we 

may  do  because  is  of  full  rank.  Let  0 be  a smooth  function  on 

]R  x ]R+  satisfying 


<i  (x,y)  = 1 

for 

X < 

i 

2y 

1 

0(x,y)  = 0 

for 

X > 

y"2 

I0  ,y)  1 j+a 

< Ky" 

0/2 

i 

Let 

2 I 

(W,(c)p)(s)  = l 0(s  - s . | C| > Is  - s + (-l)°|c|2(s  - s ) 2}T  • p /c 

j-  - a=i  u a ot  -a  ~ u 

Observe  that  for  sufficiently  large  |;|,  ^SW^Op  = p and  that 

i zl 

(3.33)  IV?>Plj  + a < KUI  2 \P\'  3 = 0,2,  U|  > 4/(s2  - Sl)2  • 

Then 

(3.34)  WU)(f,p)  = WU)  (f  - U2P  - CR)W1(r,)p)  + WjIUp  . 

Taking  a larger  if  necessary,  we  have  from  (3.32),  (3.33),  and  (3.34) 


irl 

(3-35)  |W(C) (f.p)|j+fl,  < K|c|  2 (|f|a  + I P I ) , C « J.  j = 0, 

It  follows  that 

- ' 3-n~3 

(3.36)  I (W(C)  J>"w(C)  (f  ,P>  I j+a  < Kn+1UI  2 (|f|a  + |p  | ) . 

Then  we  may  shift  the  path  of  integration  with  respect  to  c in  (3 
to  the  path  8<7 . Let  us  further  shift  the  path  of  integration  in  (3.30) 
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.30) 


A 


1 

to  a contour  I agreeing  with  3 J for  large  |c|  but  such  that  |;|^  > K 
on  I,  where  K is  the  constant  in  inequality  (3.36).  Then  if  w is 
given  by  equation  (3.27)  we  have 

t 00 

(3.37)  w( • ,t)  = -J-r  J f l e(t_T) C(W(c)J)kW(c) (f (• ,T) ,p(r) )d;dT  , 

* 1 0 I k=0  ' 

the  sura  converging  absolutely  on  I. 

Let  w = Z(£)(f,p)  be  the  solution  of 

U2P  - ?R  - S) w = f , 

(3.38)  w|  e Range  H , 

' sa 

(£B  + D)w  = p . 

Then  Z is  an  operator  valued  analytic  function  of  C.  One  can  show, 

- 1 “ k 

in  a fashion  analogous  to  showing  that  (I  - A)  = J A for  ||A||  < 1, 

1 k=0 

2 

that  for  C * J and  |c|  > K 

QT> 

(3.39)  l (W(OJ)kWU)  = ?-U)  . 

k=0 

Combining  our  results,  we  have 

3.40.  Lemraa.  Let  (f,0,p,0,0)  c be  given.  Then  the  solution  of 

equations  (3.1)  to  (3.4)  is  given  by 

(3.41)  w(-,t)  = I / e(t_1)  CZ(U  (f  (•  ,t)  ,o(T))dr,dT  , 

^ 1 0 7 

where  Z is  defined  by  equation.-;  (3.38).  There  exists  a constant  K 
such  that  for  C t J and  |c|  > K 

iri 

<3-42>  | Z ( £.)  (f , P)  I j + ct  < K|c|  2 <|f|a  + |p  | ) , j = 0,2  . 

To  obtain  (3.41)  we  estimate  (3.39)  by  (3.36)  and  sum  the  geometric 
series . 

3^43.  Lemma.  Suppose  Z is  analytic  for  Re(0  > -oQ.  Let  o < oQ  and 
(£'S'E'!?o'~l)  f Fo  be  given  and  let  w be  the  solution  of  equations  (3.1) 
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to  (3.4).  Then  there  exists  a constant  K such  that  for  all  t > 0 


o t 


e ~(‘ 'fc) l2+a  C K| ^'3'P'V-l* 


(3.44) 


o t 


e v?t(-'t)l2+a  < Kl(?'g'P^o'^l)1F  • 


Proof.  By  Lemma  3.15,  it  is  sufficient  to  consider  data  of  the  form 
(f,0,p,0,0)  t Fq.  Let  I be  the  contour  in  (3.41),  and  deform  I into  a 

contour  /*  = /•  u /•  where  U|  < K on  I'  and  -ao  < -o L = sup  Re(C)<  -o 

7i 

while  | t,  | >_  K and  Re(f,)  = a - b Im(C)  on  I Let  0^  : -*■  [0,1] 

be  a smooth  decreasing  function  such  that  $ (t)  = 1 on  [0,2]  and 

*l(t>  = 0 on  I3,“).  Let  <!>  2 = 1 - 4^.  For  t > 0 let  T be  the 

first  integer  greater  than  t,  then  by  (3.41) 

= 2lt  l [,  e(t_1>r'Z(0  - x)  + 02(T  - x)  ] • (f  ( • ,t)  ,p(x)  )dcdr 


= wL(- , t, T)  + w2(-,t,T)  . 

The  function  w^  is  the  solution  of  equations  (3.1)  to  (3.4)  with 
data  estimated  by  f and  p and  supported  in  [T  - 3,T];  therefore 
inequalities  (3.44)  are  valid  for  by  Theorem  3.17. 

By  (3.41) 

1 t_1  , , 

w2  <•  -t-T)  = jT,J  I / + / o 1,CZ(O0  (T  - T)  • (f  (•  ,t)  ,p(T)  )dCdx 

0 7i  72 

- w21(-,t,T)  + w22(-,t,T)  . 

We  have 


|s.<’t«2i<-,..T)|  < ^ /*"’  / |.(t-i>ct«);(0eo,(£  ■ , dT 

0 ' 2+a 


(3.45) 

< K | (f,0,p,0,0)  |p 

< 

Using  (3.42),  for  t > 1 we  have 
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|e0tw22<- ,t,T)  |2+a  < I'  |e(t  T)  (C+0)Z(C)e°T(f(-fT)  ,p(x))  |2+ad?dT 

0 J2 


(3.46) 


t-l  ~2  (t-T)  (o-o. ) 

K|  (f,0,p,0,0)  | / (t  - i)  1 dr 

0 0 

k|  (f,o/P,o,0)  t . 


Combining  (3.45),  (3.46),  and  our  estimate  on  w^,  we  have  the  desired 

estimate  on  w(-,t)  in  (3.44).  The  estimate  on  ( • , t)  is  obtained 
in  the  same  way.  0 

3.47.  Theorem.  Let  be  as  in  Lemma  3.43,  and  let  a < o^.  Let 

(f»  9'  '~l  ^ e Fo  be  given  and  let  w be  the  solution  to  equations 

(3.1)  to^  (3.4).  Then  there  exists  a constant  K such  that 

My  (q  ) < Kl  'P'^o'-l*  If  ‘ 

Proof.  One  obtains  an  equivalent  norm  on  the  Holder  spaces  if  one 

restricts  oneself  to  1 1^  - t2 1 <_  1 in  the  Holder  quotients.  Thus  it 

is  sufficient  to  estimate  w on  each  interval  n<t<n+2.  If  we 

let  w‘(s,t)  = w(s,t  + n)  and  make  similar  definitions  for  f’,  q',  and 
~n  ~ ~n  ~n 

p^,  then,  by  Theorem  3.17, 


(3.48) 


|?ALafn  . " Kl(!A'?A'Pn'”(-'n)^t(-'n))lFn  • 

o 0 


Multiplying  (3.48)  by  e and  using  Lemma  3.43,  we  obtain  the  desired 
estimate.  □ 

3.49.  Singularities  of  Z. 

Contrary  to  the  experience  with  first  order  evolution  equations,  the 
"resolvent"  Z is  not  generally  meromorphic  in  C.  But  we  do  have: 

3.50.  Theorem.  Let 


(3.51) 


-o  = inf{o  f H : detfcRQ(s)  + S0(s)]  * 0 for 

Sj  < s < s2  and  ReU)  > a)  . 


Then  > 0,  and  Z is  meromorphic  in  C for  Re(0  > -Oq.  — 
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ReU)  > -oQ  and  Z has  a pole  at  C.  then  there  exists  a finite  dimen- 
sional, non-trivial  vector  space  of  functions  w such  that 

(CpP  - C0R  - S)w  = 0 , 

(3.52)  w|s  f Range  H , 

a 

(40  B + D)  w = 0 . 


Thus  we  may  veri fy  the  hypothesis  of  Theorem  3.47  by  solving  the  eigen- 
value problem  (3.52). 

Proof.  Since  the  matrices  RQ(s)  an<^  sq(s)  are  Pos^t:*-ve  definite 
while  Sp(s)  is  symmetric,  the  determinant  in  (3.51)  is  non-zero  for 
Re(c)  0.  Since  these  matrices  are  continuous  in  s,  we  have  > 0. 

The  solution  to  (3.38)  is  given  by 

s2 

(3.53)  w(s)  = Z(rJ(f,p)(s)  = / G.  (s,  £»C)  ‘1:  (E)d£  + G_(s,c)'P 

S1 


for  some  Green's  functions  and  G£  which  are  meromorphic  in  5 when- 

ever the  determinant  in  (3.51)  does  not  vanish,  thus  for  Re(c)  > -Op. 

We  apply  Morera's  theorem  to  show  that  Z is  meromorphic:  If  (5  - Cp)nGj. 
is  analytic  in  £ in  a simply  connected  neighborhood  of  Cq  then  we 
integrate  (£  - £p)nZ(t)  (f,p)  about  a closed  contour  and  use  (3.53)  to 
show  that  the  integral  vanishes. 


Now  suppose  that  Z has  a pole  at  CQ,  and  that 


II  " V 1 

N 

L (X  x(T 

Then  there  exist 

f and 

p such  that 

1 

” •=  2irr 

I u - 
1 C-C0l-c 

Then,  since  £2 P 

- £R  - s 

t L(X2+a;Xtl) 

U 


Cq)  • 


, n-1; 
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u20p 


C0R  - S)w  = 2K  / (C„P  - C0H  - SMC  - C )n_1Z(C)  (f  ,P)dc 

U-C0|=c 

= 2iT  . _ /.  ((^p  - f'R  - s>  U - V""1  + 0(lf-  - f-o,n))- 

I ^ ^0  I £ 

Z(c)  ( f , p ) d C 


= 0 (l  ) (c  - 0)  . 

2 

Since  e may  be  arbitrarily  small,  (cQP  “ C0R  ~ S)w  = 0.  Similarly, 
(C0B  + D)w  = 0.  Thus  equations  (3.52)  have  non-trivial  solutions.  But 
solutions  to  (3.52)  coincide  with  solutions  to  the  eigenvalue  problem 

- CqR  “ S)w  = 0 with  Cp  fixed  at  X = Cq.'  therefore  the  solutions 
to  (3.52)  are  finite  dimensional.  □ 
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1 


4.0.  The  Nonlinear  Equation. 

Let  u* , v*  be  a solution  to  the  equilibrium  equations  (1.14)  to 

(1.16).  Without  loss  of  generality,  we  take  v*  = 0.  Let 

U = (u  - u*,v  - v*)  (w,v) . Let  A = (f  - f*,q  - q*,p  - p*,Ug  - u*,u^) 

and  write  wo  = uo  - u* ' wi  = ui • Then  we  may  write  equations  (1.1)  to 

(1.4)  in  the  form  F(U,A)  = 0 with  F = (F  , F , F_ , F, , F . ) where 

0 12  3 4 

F 0 ( U , A ) = A(u]-ii  + a(u]  - -^m(u]+  n(u]  - f[u]  , 

Fj (U, A)  = u| s - q ( v]  , 
a 

9q 

(4.1)  F2(U,  A)  = (m  ( u ] | - p(u])-^(v]  , 

a ~ - 

F3(U,A)  = w(-  ,0)  - wQ  , 

F4  (U, A)  = wt  (•  ,0)  - Wj  . 

To  apply  the  results  of  Sections  2 and  3,  we  consider 

V " V*  ( ' 

(4.2)  2+la 

v f X 2 (<s(i)  « R+;  I?N  «•  JKN)  . 

If  u*  f X^i  1 then  there  exists  an  open  set  P of  values  of  u,v, 
derivatives  of  u appearing  in  (4.1),  s,  and  t,  existing  in  the 
appropriate  product  of  1R  and  Qq , containing  the  axis,  and  such 

that  F(U,0)  is  defined  when  the  graph  of  u,  v,  and  the  derivatives 
of  u is  in  P.  (To  be  precise,  we  should  list  seven  distinct  sets  D, 
we  prefer  to  be  slightly  ambiguous.)  Making  p smaller  if  necessary  we 
may  satisfy  the  starshaped  hypothesis  of  Proposition  2.14.  We  take  A 
in  the  following  product  space: 


-28- 


f*  < A 


l.a.j  01 

0 

1 


N 

<P;  In  ) , 


(4.3) 


2 . 2+y a 

q - q*  f A 2 (D;3RN  * 3RN)  , 

~ - U 

1 , v a N.  N- 
P - p*  f A^  (D;1R  «•  K ) , 


.,2+a  , N. 

wQ,w1  € X (Sj.s  ;JR  ) . 

We  denote  by  P the  set  of  A satisfying  (4.3)  and  the  following  compat- 
ibility condition: 

2+|  a 

(4.4)  There  exist  U e Y (Q  ) x x such  that  F(U,A)(s  ,0)  = 0. 

o <»>  a 

We  require  the  following  regularity  conditions  on  the  remaining  func- 
tions in  equation  (1.1): 

A f A1  ' a ( 0 ; /,  ( BA-  JRN)  ) , 


(4.5) 


a e A1,Ot(0;JRN)  , 
m r A2  ' ^ fu  (P;  ]RfJ)  , 
n c A1  'U (0;  1RN)  . 


Let  D be  the  Banach  space  of  functions  (f ,q,p,Wg ,w^)  satisfying 
conditions  (3.10)  with  ffN  replaced  by  3RN. 

To  state  Lemma  4.6  we  introduce  (he  following  notation:  For  any  func- 
tion f of  (us,u,us  fut,s,t)  or  subset  of  these  and  for  any  functions 
u,  w of  (s,t)  we  let 


3f 


3 f 


8 f 


8 f 


8f 


= a^iu)-ws  ^ g^lul-w  + g^-lul-w  + al[flu)  -w 
~s  ~ -s.  t -t 


4.6.  Lemma . Let  P,P  and  D be  as  above  and  let  the  regularity  conditions 
(4.5)  hold:  Then  F maps  Yni(0  ) * X2fu(Q  : JRN  + C<N)  x p into  D and 

— ‘ — o <»  0 a.  

is  continuously  differentiable  in  U . The  derivative  at  V = 0,  A = 0 i_s 
given  by 
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(4.7) 


:tt 


8F 

1 

0 

"sir 

(0, 

°)j 

(w. 

v) 

'3F 

1 

(0, 

°)j 

(w. 

v) 

3F 

1 

~w 

(0, 

°)j 

(w. 

v) 

3F 

- 

.Tu" 

(0, 

0) 

(w, 

v) 

4 

3U 

(0, 

0) 

(w. 

v) 

S 

, B 

/ 

and 

rt 

Sw 

' = 

A [u 

1*] 

~t 


V)  = w|s  - H-v  , 

""a 


32q* 


Dw  + (m[u*)  - p*[u*))‘ — -yfO) -v  , 
' ~ 3v 


3m 


”tt  3s  3 (u] 


[u*l • [w]  + 


3n 

3ITIT 


3f  * 


(u* ] • (w)  - 


3 [u] 


r l u* ) ‘ (w] 


(4.8) 


Bwfc  + Dw  = 


3m 

run 


( a* ] • (w  ) - 


3p* 


3[u] 


[u*]  • [w]  -H  , 


3q* 

H = -5- — ( 0)  . 

~ 3v  ~ 


In  particular, 


PQ  = A (u*  ] , 

3m 

?o  = ¥u 

~ S 


(u*l  , 


(4.9) 


3m 

?0  = ' 

- s 


?o  = 


f 3m 

i ~st  c 


8q 

3v 


10] 


Proof.  We  write  out  the  term  J!_m  in  (4.1)  using  the  chainrule.  Under 

3s  ~ 

our  hypothesis.  Proposition  2.17  applies  and  justifies  all  formal  computa- 
tions. The  derivatives  of  A are  multiplied  by  u^,  which  is  zero  when 
u = u*.  By  (1.9),  a is  quadratic  in  ut,  so  that  its  derivatives  drop 
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9m 

out  when  u = u*.  The  terms  resulting  from  expanding  yA-  are  regrouped 
to  give  (4.8).  □ 

Let  Dq  be  the  subspace  of  D satisfying  the  following  compatibility 
condition : 


(4.10)  If  A e Dq  then  there  exists  U e x x 


2+|a 


such  that 


[|§(0,0)]  U(so,0)  = A(sa,0)  . 


Dq  is  actually  determined  by  the  values 


at  (s  ,0) 


Since  Dg  may 


0 


Whether  A e D is  an  element  of 
of  the  derivatives  of  the  components  of  A 

be  characterized  as  the  kernal  of  a bounded  linear  operator  on  D,  D 
is  a Banach  space. 

4.11.  Lemma.  There  exists  a function  (A, A)  t D x p » G(A,A)  c D, 

continuously  differentiable  in  D,  such  that 

(i)  G ( 0 , A ) = 0 for  all  A e P , 

3G 

( i i )  yy (0,0)  is  the  identity  on  D , 

(iii)  I_f  A = F(U,A)  for  some  U then  G(A,A)  e Dg  . 
Proof.  Given  (A, A)  e D * pf  we  construct  U(A,A)  such  that  if 
A = F(1',A)  for  some  U then  A - F(U(A,A)A)  (sw,0)  = 0.  Let 
H ^ « L (0RN  ® 1RN;  TR  ^ ® ]R  2 ) be  a left  inverse  to  H.  Let  0 : 3R+  -* 


be  a smooth  function,  (t)  = 1 for  t < y and  $ (t)  = 0 for  t > 1. 
Using  the  definitions  of  Fg , F^,  and  F^,  we  solve  the  equation 
F(U,A)  = A for  Wg,  w^,  w2<  the  initial  value  and  first  two  initial 
derivatives  of  w.  We  then  take 


If  F (U , A ) 


w(-,t)  = 0(t)(Wg  + tw  ^ + yt2w2)(.,t) 

, -1 

v = H • w , 

~ ~ ~s 

A 

U (A , A)  = (w,v)  . 

the  initial  values  and  first  two  initial  derivatives  of 


U and  U(A,A)  agree;  thus  A - F (U ( A , A) , A ) (s^  , 0)  = 0.  By  Proposition  2.17, 
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U is  a continuously  differentiable  function  of  A.  Note  that  U (0,0)  = 0. 
Let 

GQ(A,A)  = A - F ( U ( A , A ) , A ) + [|^  ( 0 , 0 )]  U ( A , A)  . 

If  A = F(U,A)  for  some  U then  Gq(A,A)  r D^.  In  fact,  if 

{A  - F(U,A))(s  ,0)  = 0 for  some  l)  then  G (A,A)  e D . By 
a 0 0 

definition  of  P,  (4.4),  Gg(0,A)  e Dq . Thus  we  may  take 

G (A , A)  = GQ  ( A , A ) - Gq(0,A)  • 

Conditions  (i)  and  (ii)  hold  by  construction,  G is  continuously  differ- 
entiable in  A by  Lemma  4.6  and  the  composition  of  differentiable  func- 
tions, and  condition  (iii)  is  readily  verified.  0 

4-12.  Theorem.  Let  Z be  the  operator  defined  by'  (3.38)  and  suppose  Z 
is  analytic  for  Re(C)  > -o^.  Then  if  0 <_  a < °0  there  exists  a neighbor- 
hood 0 of  0 in  P such  that  the  equation  F ( U , A ) = 0 has  a solution 
U for  all  A e 0 , and  U depends  continuously  on  A . 

Thus  if  U = (w,v)  then  (u,v)  = (u*  + w,v)  is  a solution  to 
equations  (1.1)  to  (1.4)  with  data  related  to  the  stationary  data  by  (4.3). 
All  derivatives  occurring  in  the  differential  equations  are  Holder 
continuous  and  the  solution  decays  to  u*  at  an  exponential  rate  e-ot. 
Proof.  V.'e  apply  the  implicit  function  theorem  to  the  equation 

(4.13)  G (F  (U,  A) , A)  = o , 

where  G is  the  function  given  in  Lemma  4.11.  By  Lemmas  4.6  and  4.11,  the 

function  in  equation  (4.14)  is  continuously  differentiable  in  U and  maps 

Yq  * X2+“  x ;>o  into  . By  part  (i)  of  Lemma  4.11,  equation  (4.14)  is 

equivalent  to  the  equation  F(U,A)  = 0.  By  part  (iii)  of  Lemma  4.11,  we 

3F 

need  only  show  that  -5-^(0, 0)  has  a bounded  inverse.  if 

c*  U 

(4.14)  [§g(o,o)j  A 

then  v = li  ^-ws  where  H 1 is  as  in  Lemma  4.11.  We  eliminate  v from 
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equation  (4.15),  obtaining  equations  (3.1)  to  (3.4)  with 


^ ° h _l 

(4.15)  Dw  = Dw  + (m[u*)  - p*  (u* ) ) • 0 ] • H *w|s 

'a 

We  observe  that  the  spaces  Dg  and  F^  are  equal.  By  conditions  (1.6), 

(1.7),  (1.8)  and  by  (4.9),  the  conditions  on  Pg,  Rg , and  Bg  in  Section  3 

are  met.  Then  equation  (4.15)  has  a solution  and  estimate  (3.12)  holds. 

But  | v | . < |jH  *||  • |w|v  . Therefore  1^(0, 0)  has  a bounded  inverse. 

' 2+|ct  ' a-  dU 

The  continuous  dependence  of  U on  A is  part  of  the  implicit  function 

theorem.  0 

4.16.  Theorem.  Let  the  functions  A,  a,  m,  n,  f,  q,  p,  Ug , and  u^  have 
the  regularity  specified  in  (4.3)  and  (4.5),  and  suppose  that  u t Yn(QT) 

2+|  a 

and  v f X (0,T)  are  a solution  of  equations  (1.1)  to  (1.4).  Then  u 


and 


are  uni quo  i n 


Y and 
o 


Ox1 

2+2  a 


a o 

Proof.  Let  u e y (q  ) and  v‘  r X (0,T)  be  solutions.  We 

shall  show  that,  for  some  T1  > 0,  u = u'  and  v = v'  on  0 t £ T 1 . 

The  set  of  T*  having  this  property  is  then  none-empty  and,  by  repitition 
of  the  argument,  open,  but  the  set  is  clearly  closed  in  (0,T1 , thus  is 
the  entire  interval. 

We  may  linearize  equations  (3.1)  to  (1.4)  about  the  solution  (u,v) 
and  apply  the  implicit  function  theorem  to  show  that  if  (u',v')  is  another 

2+  i a 

solution  in  Ya (Q  , ) x C (0,T')  then  |u  - u'|  + |v  - v'|  , > K(T'). 

I ~ Ya  ~ ~ 2+j a 

(For  finite  T our  argument  does  not  depend  on  the  constant  coefficients 

in  equations  (3.1)  or  (3.4).)  We  may  arrange  that  K is  a non-decreasing 

function  of  T':  Recall  that  in  the  proof  of  the  implicit  function  theorem 

(DIEUDONNE , 1960)  one  examines  the  function  ||jj(0,0))  (||j(0,0)U  - F(U,A)j. 
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If  K is  so  small  that  when  sup{||  U ||,||  A ||  } < K then 


(4.17) 


P 

1^(0, 0)U  - F ( U , A ) 


1 

\l  3F  . _ _ . ) 

< 2 

o 

o 

ib 

-1 


(0 


\-1  1 

,0)  F(0,A)  < then  this 


and  if  A is  further  restricted  so  that 
function  is  a contraction  takiny  the  ball  of  radius  K into  itself; 
solutions  of  F(U,A)  = 0 for  given  A exist  in  this  ball  and  are  unique. 

In  our  application,  for  fixed  K the  left  hand  of  inequality  (4.17)  is  a 
non-decreasing  function  of  T'  while  the  right  hand  side  is  a non-increasing 
function.  Thus  K may  be  chosen  a non-decreasing  function  of  T'. 


Since  u and  u'  agree  when 


0,  sup|u  - u'|  < 2T'  . Using 
Q»P  * 


Proposition  2.1,  one  then  shows  that  lim  |u 

T'-»0  ~ 

the  derivatives  in  the  same  way,  lim  |u  - u' 

T'+O  ' 

T*  small  enough,  we  may  conclude  that  u = u 
on  [ 0 , T 1 ] • D 


u ’ | 1 =0. 

a , =■  a 

C (0  , T 1 ) 

=0.  Then, 

a,  j a 

v (qt’> 

on  Qt, . Likewise, 


Treating 


taking 


v = v ' 
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5.0.  Conservative  Problems. 

In  this  section  we  suppose  that  the  stationary  problem  (1.10)  to  (1.12) 

is  conservative  as  defined  by  equations  (1.13)  to  (1.15).  In  this  case  we 

shall  show  that  the  eigenfunction  criterion  for  stability  developed  in 

Theorems  4.13  and  3.49  is  equivalent  to  the  second  variation  test  for 

stability.  Thus  the  stability  or  instability  of  u*  is  determined  by  the 

elastic  part  of  the  linearized  equation,  no  knowledge  of  the  dissipative 

mechanism  beyond  the  validity  of  hypothesis  (1.7)  and  (5.2),  below,  is  needed. 

We  remark  that  only  the  equilibrium  problem  need  be  conservative;  our  results 

hold  under  small  non-conservative  perturbations. 

Let  E(u,v)  be  the  energy  defined  by  equation  (1.16).  We  consider 
' ' 2+a  N1  N2 

E as  a functional  on  X x ]R  ^ ® ]r  . By  Proposition  2.17,  if  the 
regularity  assumptions  (4.3)  and  (4.5)  hold  then  E is  twice  continuously 

A 

Frechet  differentiable.  Let  t -*  (u(t),v(t))  be  a path  on  which  the 
boundary  condition  (1.11)  is  satisfied  and  such  that  u(0)  = u*,  v(0)  = v*. 
Then,  using  equations  (1.10),  (1.12),  (1.13)  to  (1.15),  (4.8)  and  (4.15), 

we  have 


(5.1) 


dr 


e|t=0  = / (Bu J -UTds  + (Du „ ) • vn 


T = 0 


E (<  + ( > 1 = 0 • 

Being  the  value  of  a continuous  second  derivative,  the  quadratic  form  in 

(5.1)  is  symmetric. 

We  require 

(5.2)  <w,Kw>  + <w,Sw>  > 0 for  all  w * 0 such  that  w|  c Range  H , 

~ ~ ~ ~ ~ ~ 

where  the  quadratic  form  in  (5.2)  is  defined  by  analogy  with  (5.1).  Condi- 
tions ensuring  hypothesis  (5.2)  are  given  in  BROWNE  (1976).  Essentially, 

(5.2)  is  valid  for  bodies  in  which  every  non-rigid  motion  suffers  internal 


frict  ion  if  t he  position  boundary  conditions  (1.11)  do  not  admit 
a deformation  u having  the  interpretation  of  a rigid  motion. 

5.3.  Theorem.  Suppose 

(5.4)  < w,Sw)  + (w,Dw>  > 0 for  all  w * 0 such  that  w|  t Range  H , 

a 

and  that  hypothesis  (5.2)  holds . Then  Z is  analytic  for  Re  ( r ) ^ 0. 

Thus  we  may  take  in  Theorem  3.47  to  be  positive,  and  there  exists 

a o for  which  Theorem  4.12  holds. 

Proof.  By  Theorem  3.50,  Z is  meromorphic  for  R e(t,)  >0.  Suppose 
Z has  a pole  at  Then  by  Theorem  3.50,  there  exists  a non-trivial  w 

satisfying  equation  (3.52).  The  function  w defined  by 


(5.5) 


solves 


w ( s , t ) 


^0^  ~ 

Re ( e ) w ( s ) 


(5.6) 


Pw  - Rw  - Sw  = 0, 

w|  f Range  H , 

1 a 


Bw  + Dw  — 0 
- 1 ~ — 

Taking  the  inner  product  of  the  first  and  last  equations 
and  using  that  P and  S + D are  symmetric,  we  obtain 

5 eft  l<w^,Pw^>  t <w,Sw>  + <w,Dw>]  + <wt,Rwt>  + 


in  (5.6) 


< wfc  <Bwt  > 


with 


= 0 . 


It' 


Then,  by  hypothesis  (5.2), 

(5.7)  ? 5T  [<  wfc  ,Pwt  > i <w,Sw>  + <w,Dw>]  < 0 for  wfc  * 0 . 

But  (5.4),  (5.5),  and  (5.7)  are  contradictory  unless  Ro(Cq)  <0  or  5^=0 
But  if  r ~ 0 then  (5.4)  can  not  hold.  (J 

We  finish  with  a converse  to  Theorem  5.3. 

5.8.  Theorem.  Suppose  u*  c X^4'  is  an  isolated  solution  to  the  stationary 
equations  (1.10)  to  (1.12) , that  the  stationary  problem  is  conservative, 

24-()( 

that  hypothesis  (5.2)  holds , and  that  there  exists  w t X such  that 
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< w , Sw  > + < w , Dw  ) < 0 


w | r e Range  H . 
a 


Then  u*  ijs  not  stable  in  X 

Proof.  We  shall  consider  only  perturbations  in  the  initial  data. 
Suppose,  for  the  sake  of  contradiction,  that  for  every  open  neighborhood 
0^  of  (u*,0)  in  X2^a  x x2+a  there  exists  an  open  neighborhood  0. 
such  that  for  all  (uQ,Uj)  c 0 ^ equations  (1.1),  (1.4),  (1.11),  and  (1.12) 

have  a solution  u,  and  for  all  t > 0 (u(t),ut(t))  e 0^.  Taking  the 
inner  product  of  equation  (1.1)  with  ufc  and  integrating  by  parts  gives 


(5.10) 


37  K<u(-,t)  + / { [ m [ u ] - m lu ( • , t) ] ] • ugt 

S1 

+ (n  [u  1 - ii  (u  ( • , t)  ) ] -ut  Ids  4 [m  [u ] - m [u(  • , t)  ) ) ’ ufc  I g 


(where  mlu(*,t)]  represents  m (us, u, 0, 0, s) ) . If  0 ^ is  suitably  small 
we  may  estimate  the  integrand  in  (5.10)  by  (u^,Rut>  4-  <ut,But>,  and 
conclude  from  (5.2)  that 


(5.11  ) 


j-  E(u  ( • , t)  < 0 if  ut  / 0 . 


Now  let  0 < & < a,  and  for  any  t >_  0 let 
= cl2+p{ (u( • ,f) ,ut ( • , i ) ) : 


T > t) 


where  cl.,,  R represents  the  closure  operator  in  the  topology  of  C 


Since  X2*  ' imbeds  compactly  in  X2+^  , ft.  is  compact,  and  (1  H ^ ft 

t>0 


is  non-empty.  If  u is  the  solution  of  equations  (1.1),  (1.4),  (1.11), 

and  (1.12)  with  initial  data  (u.,u  ) f ft  then  (u  ( • , t ) , u.  { •-,  t)  ) t ft 

U i 05  t 00 

for  all  t.  Since  E(un)  = lim  E(u(*,t)),  E is  constant  on  n . Then, 

t 

by  (5.11),  is  a stationary  solution,  and,  taking  0 ^ small  enough, 

A 

Uq  = u*.  But  if  (5.9)  holds  then  we  may  choose  Up  so  that,  by  5.11, 

E ( G 0 ) < E ( Up ) < E (u*)  ; 


then  Up  / u* , 
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